Abstract-In the long wavelength limit, it is shown that the acoustic cloak can be constructed by using concentric multilayered structure with alternating homogeneous isotropic materials. The cloak designs for concealing objects with arbitrary shape and acoustic properties have been proposed. In this paper, we will present an in-depth analysis on the cloaking mechanism of the proposed design. The details of pressure field distribution in each cloak layer are obtained by rigorous acoustic scattering derivations. Calculated pressure fields demonstrate that the cloaking effect is ascribed to a specific multiple scattering process determined by the cloak's microscopic material distribution and structural details.
The coordinate transformation based solutions to the Maxwell equations have been demonstrated to be an efficient approach to control the flow of electromagnetic (EM) waves [1] . It enables the design of EM invisibility cloaks which can hide arbitrary objects from exterior EM illumination and suppress all the scattered waves [1] [2] [3] . This exciting design was confirmed by full-wave simulations [2] and realized in experiments at microwave frequencies [3] . All these pioneering work further inspire a great deal of research interest in the acoustic cloak due to the similarity between Maxwell equations and acoustic wave equations. In [4] , Cummer et al. employed the transformation method to design two-dimensional (2D) cylindrical acoustic cloak. Later on, a three-dimensional (3D) acoustic cloak with the same material specifications was further proposed separately by comparing the acoustic field and dc conductivity equations [5] and by acoustic scattering theory [6] . They demonstrated that the acoustic cloak can bend elastic wave around objects with arbitrary shape and properties. These attractive designs promise potential applications such as hiding submarines from enemy's active sonar.
Analogues to its EM counterpart, the acoustic cloak also require constitutive parameters (mass density and bulk modulus) with anisotropy and space gradient [4] [5] [6] . Unfortunately, the material with the required characters can not be found in nature [4, 6] . The construction of acoustic cloak with acoustic metamaterials is challenging for both the considerable absorption of sound wave and complex fabrication process. On the other hand, the acoustic cloak can also be constructed by concentric alternating layered structure with homogeneous isotropic materials. Based on the effective medium theory, the cloaking effect has been demonstrated [7] [8] [9] [10] . In this paper, we will present in-depth analysis on how the multilayered cloak conceals the object. Figure 1 shows the configuration of an M-layered acoustic cloak shell with inner radius a and outer radius b. For simplicity, the cloak layers are consecutively numbered as 1, 2, . . . , M − 1, M , while the host medium and the concealed region are denoted as 0 and M + 1, respectively. Thus, the radius of the inner boundary of the mth layer is r = R m , with R 0 = b and R M = a. The cloak is designed through a two-step procedure [7] .
FORMULATIONS
Consider a plane harmonic pressure wave p in = P 0 e i(k0x−ωt) = P 0 e i(k0r cos ϕ−ωt) incidents on the cloak along the ϕ = 0 direction. P 0 is the amplitude of p inc , here i indicates the imaginary component and k 0 is the wave number in the host medium. The pressure fields in all the layers follow the general wave equation since the layered cloak is constructed by homogeneous isotropic materials. Hence the pressure fields in all regions can be described with the following expressions [11] :
where J n and H n are the Bessel and Hankel function of the first kind, respectively; k m and k (M +1) are the wave number in corresponding layer. C 0n , A mn , C mn , and A (M +1)n are the unknown expansion coefficients which can be solved by matching the continuous scalar pressure p and radial velocity v r = (i/ωρ r ρ 0 )(∂p/∂r) at all interfaces. By solving the linear equation system, the coefficients are obtained to be
where
with the entries of the 2 × 2 matrix P m are
Here α m = k m+1 ρ m /k m ρ m+1 .
RESULTS AND DISCUSSIONS
When all the coefficients are obtained, the pressure field in the each layer can be reconstructed accordingly through Eqs. (1)-(3) . As an example, we use the same geometry details and material distributions as that in [7] . The cloak geometry uses the common configuration b = 2a, the cloak shell is constructed by 40 thin layers, and the host medium is set as water with ρ 0 (= 998 kg/m 3 ) and κ 0 (= 2.19 GPa).
We first calculate the local velocity in each layer of the cloak to provide a straightforward view on the cloaking process. The x component v mx and y component v my at k 0 = 2π are plotted in Figs. 2(a), (b) , respectively. A fraction of the cloak in the second quadrant is depicted for convenience of illustration. Comparing Fig. 2(a) with 2(b) , it is noted that v mx exhibits parallel plane wavefront outside the cloak, while v my appears to be near zero. This behavior indicates that the host medium vibrates along x direction uniformly, and the cloak reduces most perturbations to the vibration in host medium. On the contrary to the uniform vibration in host medium, v mx and v my in the cloak shell shows transformed distribution in both radial and angular directions, indicating the specific multiple scattering processes. The occurrence of v my should be ascribed to the tangential scattering between the circular layers. In addition, the amplitude of v m in group A is remarkable high compared with that in group B because the mass density ρ A is much lower than the corresponding ρ B . We further calculate the norm velocity |v m | = v 2 mx + v 2 my , as depicted in Fig. 2(c) . |v m | vanishes as r decreases to about 1.1m along the incident direction, implying that the cloak may not reflect the incoming wave back in the incident direction. We further investigate the scattering mechanism which induces the cloaking process. Contrary to the cloak constructed by metamaterials, multiple scattering phenomena are ubiquitous throughout the cloak due to the distinct contrast in mass density between adjacent layers. Inside the cloak layers, the incident wave is recursively scattered by the interfaces of the cloak. When the inward wave impinges the circular interface r = R m−1 , partial wave is transmitted into layer m in random directions. Then the transmitted wave is reflected back at the interface r = R m , and reflected again and again between the two interfaces. Acoustic waves in all the layers perform similar walk which leads to the multiple scattering process in the entire cloak. On the other hand, since the layer thickness of the cloak is much smaller than the wavelength, the scattering is prominently prompt. The randomness of the interaction could be averaged out by the large number of scattering events, so that the final scattering process appears to be a deterministic distribution of intensity. Here, we treat the multiple-scattering process as a multiple transmission-reflection process which incorporates full description of the problem in the long wavelength limit and reduces the random process to steady-state averages of the statistics.
CONCLUSIONS
With the help of multiple scattering algorithms, we present in-depth study on the cloaking mechanism of the proposed acoustic cloak. By investigating the details of pressure field distribution in each cloak layer, we find that the cloaking effect is induced by the specific multiple scattering process. This specific multiple scattering process can be controlled by the microscopic material distribution and structural details in the multilayered structure, which jointly determines the cloak's macroscopic scattering characteristics. The results may provide us with deeper insights into the cloaking phenomenon as well as a simple path to experimental realization of acoustic cloak.
